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Closed subgroups of the polynomial
automorphism group containing the
affine subgroup.
Eric Edo
Abstract
We prove that, in characteristic zero, closed subgroups of the polyno-
mial automorphisms group containing the affine group contain the whole
tame group.
1 Introduction
Throughout, K denotes an algebraically closed field of characteristic char(K)
and n ∈ N+ denotes a positive integer.
We denote by E = Endn(K) the set (K[x1, . . . , xn])
n endowed with the
following law στ = ( f1(g1, . . . , gn) , . . . , fn(g1, . . . , gn) ) for all elements σ =
(f1, . . . , fn) and τ = (g1, . . . , gn) in E . The monoid E is anti-isomorphic to
EndKK[x1, . . . , xn] (the monoid of polynomial endomorphisms).
We denote by G = GAn(K) the group of invertible elements of E . Note that
G is anti-isomorphic to the group AutKK[x1, . . . , xn] (the group of polynomial
automorphisms) and isomorphic to the group of polynomial automorphisms of
the affine n-space An
K
.
We define the degree of σ = (f1, . . . , fn) ∈ E by deg(σ) = max1≤i≤n{deg(fi)}.
We denote by A = Affn(K) = {σ ∈ G ; deg(σ) = 1} the affine subgroup, by
B = BAn(K) = {(α1x1 + p1, . . . , αnxn + pn);αi ∈ K
∗, pi ∈ k[xi+1, . . . , xn], ∀i}
the triangular subgroup and by T = TAn(K) the tame subgroup i. e. the sub-
group generated by A and B (see [5] for more informations about polynomial
automorphisms).
Given a positive integer d ∈ N+, the set E≤d of polynomial endomorphisms
of degree ≤ d is a K-vector space of dimension N =
(
n+d
d
)
(the degree of a poly-
nomial endomorphism is the maximum of the degree of its components) and
we can consider E≤d as an algebraic variety by transfer of the structure of the
affine N -space AN
K
. We consider the Zariski topology on E≤d associated with
this structure.
Following Shafarevich (see [12]), since for all positive integers d ∈ N+, E≤d is
closed in E≤d+1, we can endow E =
⋃
d≥1 E≤d with the inductive limit topology.
A subset A ⊂ E is closed in E for this topology if and only if A∩E≤d is closed in
1
E≤d for all d ∈ N+. We consider the restriction of this inductive limit topology
on G and we set G≤d = G ∩ E≤d.
In this paper, we are interested with the question:
Question 1.1 Which are the closed subgroups of G containing A?
We prove the following result in the characteristic zero case:
Theorem 1.2 (n ≥ 2, char(K) = 0) If H is a closed subgroup of G strictly con-
taining A then T ⊂ H.
In [2] (see Theorem 2.10), Bodnarchuk claimed to prove this result with even
the stronger conclusion H = G. But his proof is based on a erroneous result of
Shafarevich (cited as Theorem 2.7 in [2]). Recently, Furter and Kraft (see [7])
proved that, in the case n = 3 and K = C, the subgroup T ′ is closed in G′
where G′ is the subgroup of G fixing x3 and T
′ = G′ ∩ T . This result is based
on the Shestakov-Umirbaev theory (see [13]) which implies that T ′ 6= G′. With
notations of Theorem 2.7 in [2], taking G = G′, H = T ′ and f : T ′ → G′ the
canonical inclusion, (df)e is the canonical isomorphism between the tangent
spaces Te,H and Te,G, but f is not an isomorphism because of the Shestakov-
Umirbaev theorem.
In the case n = 2, the Jung-van der Kulk theorem (see [8, 9]) says that T = G
and Theorem 1.2 implies that the affine group is a maximal closed subgroup of
the plane polynomial automorphism group. This gives a positive answer to a
question of Furter (see Question 1 and Question 1.11 in [6]).
In the case n = 3, we know that T 6= G. Recently, Poloni and the author
(see [4]) proved that some explicit families of automorphisms in G r T are in
the closure of T in G (see also [10]). But we don’t know if T is dense in G or
not. In particular, we don’t know if the Nagata automorphism (see [11]) is in
the closure of T in G.
The situation in positive characteristic is more complex and will be studied
in an other paper.
2 Closed subgroup
In this section, we use notations introduced in the last section. We do not
assume that K has characteristic zero. We consider the following two sets of
variables x = {x1, . . . , xn} and xˆ = {x2, . . . , xn}. We denote by I (resp. Iˆ)
the ideal of K[x] = K[x1, . . . , xn] (resp. K[xˆ] = K[x2, . . . , xn]) generated by x
(resp. xˆ). We say that an automorphism φ = (f1, . . . , fn) ∈ G has a affine part
equal to id if fi ≡ xi modulo I
2 for all i ∈ {1, . . . , n}. We prove the following
result which is the main theorem of this paper.
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Theorem 2.1 (n ≥ 2) Let φ = (f1, . . . , fn) ∈ G r A be an automorphism of
degree d ≥ 2. We assume that φ has a affine part equal to id and f1 6= x1.
a) The polynomial g0(xˆ) := f1(0, xˆ) is not zero and has a Iˆ-adic valuation
w ≥ 2.
b) Let H := 〈A, φ〉 be the subgroup of G generated by A ∪ {φ}. The closure of
H ∩ G≤d in G≤d contains the automorphism (x1 + h(xˆ), xˆ) where h(xˆ) is the
homogeneous part of g0(xˆ) of degree w.
Proof We write f1 =
∑m
k=0 gkx
k
1 where m = degx1 f1 ≥ 1 and gi ∈ K[xˆ].
a) By contradiction, we assume that g0 = 0. Then x1 divides f1. Since f1 is a
coordinate, f1 is an irreducible polynomial and using that f1 ≡ x1 modulo I
2,
we deduce f1 = x1. Impossible. Since the affine part of φ is id, it’s clear that
2 ≤ w < +∞.
b) We consider the torus action αt := (t
wx1, txˆ) ∈ Affn(K(t)) and we compute
φt := α
−1
t φαt = (t
−wf1(t
wx1, txˆ), t
−1f2(t
wx1, txˆ), . . . , t
−1fn(t
wx1, txˆ)).
Using that the affine part of φ is id, we have g1(0) = 1 and
t−wf1(t
wx1, txˆ) = t
−w
m∑
k=0
gk(txˆ)t
kwxk1 ≡ t
−wg0(txˆ)+x1 ≡ x1+h(xˆ) mod tK[x, t]
and t−1fi(t
wx1, txˆ) ≡ xi mod tK[x, t], for all i ∈ {2, . . . , n}. Using that
Jac(φt) = Jac(φ) ∈ K
∗, we deduce from the overring principle (see Lemma 1.1.8
p. 5 in [5]) that φt ∈ GAn(K[t]). For all t0 ∈ K
∗, the automorphism φt→t0 is in
H ∩ G≤d and we deduce that (x1 + h(xˆ), xˆ) = (x1 + h(xˆ), x2, . . . , xn) = φt→0 is
in the closure of H ∩ G≤d in G≤d.
Remark: This proof is based on a classical technique which consists to con-
jugate an automorphism by an action of the torus. See the proof of Theorem 4.6
in [4] or the proof of Lemma 4.1 in [1] for other situations where this technique
is used.
Corollary 2.2 Let φ ∈ G rA be an automorphism of degree d ≥ 2. Let H :=
〈A, φ〉 be the subgroup of G generated by A∪ {φ}. Then the closure of H∩ G≤d
in G≤d contains an element of B rA.
Proof Changing φ to α−1φ where α ∈ A is the affine part or φ, we can
assume that the affine part of φ is id. Since φ = (f1, . . . , fn) is not affine, there
exists i ∈ {1, . . . , n} such that fi 6= xi. Changing φ to σφσ where σ ∈ Sn ⊂ A is
the transposition x1 ↔ xi, we can assume that f1 6= x1 and apply Theorem 2.1.
3 Characteristic zero
In this section, we assume that K has characteristic zero. We recall two
complementary results. Theorem 3.1, in the case n = 2 (we recall that when
3
n = 2, we have T = G), is due to Furter (see Theorem D in [6]). Theorem 3.2,
in the case n ≥ 3, is due to Bodnarchuk (see [3]).
Theorem 3.1 (n = 2, char(K) = 0) For all β ∈ B rA we have 〈A, β〉 = G.
Theorem 3.2 (n ≥ 3, char(K) = 0) For all β ∈ B rA we have 〈A, β〉 = T .
Using this two results, Corollary 2.2 implies Theorem 1.2.
Theorem 1.2 (n ≥ 2, char(K) = 0). If H is a closed subgroup of G strictly
containing A then T ⊂ H.
Proof Since H strictly containing A, there exists φ ∈ HrA of degree d ≥ 2.
By Corollary 2.2, the closure of 〈A, φ〉 in G≤d contains an element β ∈ B r A.
Using that H is closed in G we deduce β ∈ 〈A, φ〉 ⊂ H = H.
a) If n = 2, by Theorem 3.1, we have T = G = 〈A, β〉 ⊂ H = H.
b) If n ≥ 3, by Theorem 3.2, we have T = 〈A, β〉 ⊂ H.
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